In this paper we discuss the Arens regularity of projective tensor product of Schatten p-class operators. We use the biregularity condition given byÜlger to prove that Sp(H) ⊗ γ Sq(H) is not Arens regular. We further prove that B(S2(H)) ⊗ γ S2(H) is not Arens regular(with respect to usual multiplication) while it is regular with respect to Schur product. Thus we demonstrate the importance of biregularity condition given in [4] and the convenience of its use to prove Arens regularity or irregularity through some concrete examples.
Introduction
For any normed algebra A, Arens (in [5] ) defined two products ✷ and ⋄ on A * * such that each product makes A * * into a Banach algebra and the canonical isometric inclusion J : A → A * * becomes a homomorphism with respect to both the products. The normed algebra A is said to be Arens regular if the two products ✷ and ⋄ agree, i.e. f ✷g = f ⋄ g for all f, g ∈ A * * .
It is known that reflexive spaces are Arens regular (see [7, 1.4.2] ) and, being reflexive, so is S p (H), the space of Schatten p-class operators, for 1 < p < ∞. Even though S 1 (H) is not reflexive, it is still Arens regular -a proof can be found in [7, 9.1.39] . It is also known that every C * -algebra is Arens regular [6] .
Ulger proved in [4] that ℓ p ⊗ γ ℓ q is Arens regular for each 1 < p, q < ∞. One would expect the same for operator analogue of ℓ p spaces, the Schatten p-class S p (H). It turns out that this is not actually true. We present specific bilinear forms which are not biregular and hence proving the Arens irregularity of B(K) ⊗ γ K and S p (H) ⊗ γ S q (H) for 1 ≤ p, q < ∞, where K = S 2 (H) 2. Preliminaries 2.1. Arens regularity Let A be a normed algebra. For the sake of convenience, we quickly recall the definitions of the two products ✷ and ⋄ mentioned in the Introduction. For a ∈ A, ω ∈ A * , f ∈ A * * , consider the functionals ω a , a ω ∈ A * , ω f , f ω ∈ A * * given by w a = (L a ) * ω, a ω = (R a ) * ω; ω f (a) = f ( a ω) and f ω(a) = f (ω a ).
Then, for f, g ∈ A * * the operations ✷ and ⋄ are given by
Thanks toÜlger, there is a very useful equivalent characterization of Arens regularity in terms of some properties of bilinear maps.
A bounded bilinear form m : X × Y → Z, where X, Y and Z are normed spaces, is called Arens regular if the induced bilinear forms m * * * : X * * × Y * * → Z * * and m r * * * r : X * * × Y * * → Z * * are same, where m * :
given by m r (y, x) = m(x, y), m * * := (m * ) * and so on.
A normed algebra A is known to be Arens regular if and only if the multiplication A × A → A is Arens regular in the above sense [8] .
Projective tensor product and its Arens reguality
Let A and B be Banach algebras. There is a natural multiplication on their algebraic tensor product A ⊗ B given by (x 1 ⊗ y 1 )(x 2 ⊗ y 2 ) = x 1 x 2 ⊗ y 1 y 2 and extended appropriately to all tensors. And there are various ways to impose a normed algebra structure on A ⊗ B.
We will be primarily interested in the Banach space projective tensor product ⊗ γ .
• Projective tensor product. For u ∈ A ⊗ Y , its projective norm is given by
This norm turns out to be a cross norm, i.e., x ⊗ y γ = x y and the completion of the normed algebra A ⊗ B with respect to this norm is a Banach algebra and is denoted by A⊗ γ B
Ulger gave a very useful characterization of Arens regularity of the projective tensor product of Banach algebras in terms of biregularity of bilinear forms. Recall that, for Banach algebras A and B, a bilinear form m : A×B → C is said to be biregular if for any two pairs of sequences (a i ), (ã j ) in A 1 and
provided that these limits exist -see [4, Definition 3.1] . Our examples will depend heavily on the following characterization provided byÜlger. Proof. Let V ∈ B(H) * * and F ∈ H * * . Since Hilbert spaces are reflexive, F = J ξ for some ξ ∈ H. We need to show that l * * * (V, F ) = l r * * * r (V, F ). Let f ∈ H * . Then, by Reisz representation Theorem, f = · , η for a unique η ∈ H. Further, we have
Some Arens regular bilinear maps
for all T ∈ H * * ; so, l * * (F, f ) = l( · , ξ), η . And, similarly, we obtain
Thus, from Equations (3.1),(3.2),(3.2) and (3.3), we conclude that
for all f ∈ H * . Thus, l * * * (V, F ) = l r * * * r (V, F ). We conclude that l * * * = l r * * * r and hence l is Arens regular.
In next section we will show that such bilinear forms are not biregular.
Arens regularity of projective tensor product of Schatten p-class operators
Let H be an infinite dimensional Hilbert space and T ∈ B(H). For 1 ≤ p < ∞, the Schatten p-norm of T is given by
S p (H) is known to be an ideal in B(H) and || · || p is a norm on S p (H) which makes it a Banach * -algebra (with canonical adjoint involution). Whenever 1 ≤ p < q, we have the inequality || · || q ≤ || · || p , and hence the containment S p (H) ⊂ S q (H). Operators in S p (H) are compact and S p (H) contains all finite rank operators. Detailed discussion about these facts can be found in [7] . There is another multiplication on S p (H) which is given by pointwise multiplication of matrices of operators, known as Schur/Hadamard product. S p (H) forms a Banach algebra with respect to Schur product as well.
We will be particularly interested in S 2 (H), the space of Hilbert-Schmidt operators on H. It is known to be a Hilbert space with respect to the inner product A, B := Tr(B * A), and is also denoted by K. Being reflexive, K is an Arens regular Banach algebra.
Ulger had proved in [4, Corr. 4.7 ] that ℓ 2 ⊗ γ ℓ 2 is Arens regular (where ℓ 2 is equipped with the pointwise product). One would guess that the same should hold for K ⊗ γ K as well. But note that K ⊗ γ K is not reflexive. We in fact prove the following.
Theorem 4.1. Let H 1 and H 2 be two infinite dimensional Hilbert spaces. Let K 1 := S 2 (H 1 ) and K 2 := S 2 (H 2 ). Then, the Banach algebra K 1 ⊗ γ K 2 is not Arens regular.
Proof. Without the loss of generality, we can assume that H 1 and H 2 are separable infinite dimensional Hilbert spaces. Fix any two orthonormal bases {e i } i∈N and {f j } j∈N for H 1 and H 2 , respectively. Consider the pair of sequences {S i } and {S j } in K 1 given by S i = e i ⊗ e 1 andS j = e 1 ⊗ e j . Note that S iSj = e i ⊗ e j for all i, j ∈ N. Recall that the association
extends to a unitary from H⊗H onto S 2 (H) for any Hilbert space H. We will take the liberty to use this identification without any further mention. In particular, the set {S iSj } i,j∈N thus forms an orthonormal basis for K 1 . Now, let F i,j := f i ⊗ f j whenever j ≤ i and 0 otherwise. Define ϕ :
Clearly, ϕ is a conjugate linear (contractive) continuous map. Thus, the map m : K 1 × K 2 → C given by m(S, T ) = T, ϕ(S) is a bounded bilinear form. We assert that it is not biregular. Towards this end, let T i := f i ⊗ f 1 andT j := f 1 ⊗ f j for all i, j ∈ N. Note that both the pairs of sequences {T i }, {T j } and {S i }, {S j } are bounded sequences in the unit balls of K 2 and K 1 , respectively. Observe that
Thus, the bilinear form m is not biregular and hence, by Theorem 2. Proof. If H 2 is finite dimensional then every map K 1 → K 2 is compact. This implies that K 1 ⊗ γ K 2 is reflexive using the [9, Th. 4.21]. Arens regularity follows due to reflexivity. But we prove this directly by showing that each bilinear form is biregular and explicitly stating their double limit. Notice that due to Reisz representation theorem, all the bilinear form m : K 1 ×K 2 → C are given by m(S, T ) = T, ϕ(S) for some anti-linear continuous map ϕ : K 1 → K 2 . Suppose that H 2 is a finite dimentional Hilbert space with an orthonormal basis {e r } n r=1 . Let {S i }, {S j } and {T i }, {T j } be a two pair of sequences in unit ball of K 1 and K 2 respectively such that the iterated limits lim i lim j m(S iSj , T iTj ) and lim j lim i m(S iSj , T iTj ) exists .Then- Now we make few claims(Proofs are provided later)-Claims:
C1T j e r →T e r in norm for each r. C2 T iTj e r → T iT e r in norm, for each i and r. C3 S iSj w → S iS for each i. C4 ϕ(S iSj )e r → ϕ(S iS )e r in norm, for each r and i. C5 S iS w → SS. C6 ϕ(S iS )e r → ϕ(SS)e r in norm for each r.
Using C2 and C4 and the fact that inner product is continuous(in both the cordinates) with respect to the norm topology, equation Hence the bilinear form m is biregular. Now we prove our claims-(C1) Since (T j k −T ) → 0 in the norm topology of K 2 , it must follow that (T j k −T ) → 0 in the operatorn norm of B(H 2 )(because Hilber-Schmidt norm dominates the operator norm). HenceT j k e α →T e r for each r.
(C2) Follows from the sequential continuity of T i k as a bounded operator and C1.
(C3) SinceS j k w →S, we have S j k , P → S , P for each P ∈ K 1 . Hence
(C4) Any bounded linear operator between Hilbert spaces is weak-weak continuous and weak topology on K 2 is nothing but norm topology (due to K 2 being finite dimensional), hence due to C3 we obtain ϕ(S i kS j k ) → ϕ(S i kS ) in norm of K 2 . And hence we have the following norm convergence in H 2 .
ϕ(S i kS j k )e α → ϕ(S i kS )e α (C5) Consider S iS , P = Tr(P * S iS ) for some P ∈ K 1 . We know that product of two Hilbert Schmidt operators is a trace class operator. Hence P * S i ∈ S 1 (H 1 ). Also for any A ∈ S 1 (H) 
Notice that, using Cauchy-Schwartz inequality we have ∞ r,s=1
Using the Fubini's theorem and Tonneli's theorem, we get
Now using the dominated convergence theorem-
→T , it follows that (T iTj ) rs → (T iT ) rs for each r and s. Similarly, sinceS j w →S, it follows that (φ(S iSj )) rs → (φ(S iS )) rs for each r and s. Thus Hence the iterated limits are equal and every Bilinear form is biregular. Thus S 2 (H) ⊗ γ S 2 (H) is Arens regular (with respect to Schur product on S 2 (H)).
Being a C * -algebra, B(H) is Arens regular for any Hilbert space H. One would guess that B(K) ⊗ γ K should also be Arens regular, but it turns out to be the opposite. Clearly, m is bounded. We show that m is not bilinear, which will then, by Theorem 2.1, imply that B(K) ⊗ γ K is not Arens regular.
Let (e i ) be an orthonormal sequence in H with e 1 = ξ 0 . Set S i = θ e1,ei ∈ B(H) and let R j denote the orthogonal projection onto the span of {e 1 , e 2 , . . . , e j }. Then, Now, letÃ j := θ e1,e1 and A i := θ ei,e1 ; so that A iÃj = A i for all i, j ∈ N. Clearly, A i , Ã j ≤ 1 for all i, j ∈ N.
Further, for each i, j ∈ N, defineT j , T i : S 2 (H) → S 2 (H) by T i (A) = θ Si(A(e1)),e1 ,T j (A) = θ Rj (A(e1)),e1 for A ∈ S 2 (H).
One can easily check that T i , T j ≤ 1 for all i, j ∈ N. Then, we havẽ T j (A)(e 1 ) = θ Rj (A(e1)),e1 (e 1 ) = R j (A(e 1 )) for all A ∈ S 2 (H)).
5.
The bilinear form m defined in Theorem 4.5 serves as a classic example of a form which is Arens regular(Theorem 3.1) but not biregular, although one of the algebra is unital C * -algebra.
